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Entanglement, a non-trivial phenomena manifested in composite quantum system, can be served
as a new type of physical resource in the emerging technology of quantum information and quantum
computation. However, a quantum entanglement is fragile to the environmental-induced decoher-
ence. Here, we present a novel way to prepare a high-concurrence steady-state entanglement of
two hole spins in a quantum dot molecular via optical pumping of trion levels. In this scheme, the
spontaneous dispassion is used to induce and stabilize the entanglement with rapid rate. It is firstly
shown that under certain conditions, two-qubit singlet state can be generated without requiring the
state initialization. Then we study the effect of acoustic phonons and electron tunnelings on the
scheme, and show that the concurrence of entangled state can be over 0.95 at temperature T = 1K.
PACS numbers:
Introduction- Semiconductor technology toward quan-
tum information science has opened up the possibility of
constructing scalable quantum devices. As an attractive
host for storing quantum information bit (qubit), elec-
tron or hole spins in self-assembled quantum dot(QD),
are most promising for their scalability, relatively ease of
coherent manipulations[1] and strong robustness against
relaxation[2, 3]. In the past few years, significant theo-
retical and experimental works have been made towards
controlling and entangling quantum dots. These experi-
ments include the efficient state initialization[4] and co-
herent population trapping of single spin[5], the spin-
readout[2] and single-spin Faraday/Kerr rotations for sin-
gle quantum dot spin[2, 6], as well as the inter-dot cou-
pling in double quantum dots molecules[7, 8]. Theoreti-
cally, several schemes for entangling quantum dots have
also been proposed [9, 10].
However, all these schemes are exclusively tailed for
electron spins in self-assembled quantum dot. Due to
the longer coherence time compared with electron spin,
hole spin in quantum dot has been paid more and more
attention. A hole-spin state, which is constructed from
a p-type atomic wave function, has many favorable as-
pects such as highly-suppressed hyperfine interaction[11]
and much smaller tunneling rate[12], in comparison with
electron spin. Recently both experiments have been re-
ported for initializing single hole spin with high fidelity of
0.99[11], and creating the coherent population trapping
state[13].
In this letter, we present a scheme to generate high-
fidelity steady state entanglement of two hole in a cou-
pled QDM. Our scheme is based on spontaneous emission
where the coupling between the QDM is dominated on
Fo¨ster resonant. We show that our scheme is initial-state
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FIG. 1: (Color Online).(a)Sketch of the two vertically stacked
quantum dots in QDM with Voigt geometry magnetic field.
Fo¨rster interaction VF exists between such two resonant QDs.
(b) and (c) Four level scheme illustrating the ground and ex-
cited states of a single self-assembled QD in the Voigt Con-
figuration. (d)The preparation process of entangled state.
independent, and robust against decoherence and tunnel-
ing effect. At T = 1 K, concurrence higher than 95% is
possible in state-of-art technology.
The model - The QDM system composes two identity
vertical aligned QDs, where an external magnetic field in
the Voigt geometry [4] is used to break the degenerate of
the energy level[14](Fig.1 (a)). Due to the build-in strain
that from lattice mismatch between QDs and the host
materials, the degeneracy of the heavy hole and light hole
at Γ point is broken, hence only the heavy hole is only
taken into account. Initially, each QD is dopped with one
hole, where the initial spin polarization is not important
in our scheme. The energy level of QD is shown in Fig.
1 (b), the ground hole states are |1〉 = | ⇑〉 and |0〉 =
2| ⇓〉, and the excited trion states are |s〉 = | ⇑⇓↑〉 and
|r〉 = | ⇑⇓↓〉, where ⇑ (⇓) and ↑ (↓) denote a heavy hole
and an electron with spins along (against) x direction.
As the magnetic field is along x direction, there is an
additional Zeeman splitting E
h(e)
B = g
∗
h(e)µBBx between
ground (excited) states. Because of this splitting, four
transitions between ground states and trion states can be
independently addressed by polarization and frequency
selection. Here we can choose H = σ+ − σ− and V =
σ+ + σ−.
Optical pumping protocol - In generally, the tunneling
rate decreases exponentially when increasing the distance
between two dots, while the Coulomb interaction, includ-
ing both static dipole coupling Vxx and Fo¨rster interac-
tion VF [15, 16], decreases generally ∝ d−3. So, it is pos-
sible to choose a property distance, where the Coulomb
interaction dominant the interactions between the QDM.
The Static dipole coupling Vxx is the bi-trion energy shift,
while the Fo¨rster interaction between the QDM is a kind
of inter-dot interaction.
Due to the Voigt geometry magnetic field, the en-
ergy detuning between two H type transitions are ∆H =
EeB+E
h
B, while the energy detuning between V type tran-
sitions are ∆V = E
e
B −EhB. In our scheme, we drive a H
polarized laser, and the detuning ∆H enables the transi-
tions H1 or H2 to be independently addressed, which has
been achieved in experiments with high fidility[4]. In the
following we choose the transition H1, thus the energy
levels of QD employed in our scheme can be described by
three states: |0〉, |1〉 and |s〉 (Fig.1 (c)). The frequency
and Rabi frequency with H polarized laser are supposed
to be ωl and Ω respectively. Additionally, since the direct
excitation of the transition |0〉 ↔ |1〉 is forbidden, Ωm can
be realized by employing a Raman transition with large
detuning to an auxiliary excited state. The Hamiltonian
of the QDM reads
H =
∑
i=1,2
[(Ω|1〉i〈s|eiωlt +Ωm|0〉i〈1|+H.c.) + ω|s〉i〈s|]
+ VF (|1s〉〈s1|+ |0s〉〈s0|+H.c.) + Vxx|ss〉〈ss|. (1)
Since Hamiltonian Eq.[1] is of the symmetry forma-
tion, it is convenient to introduce symmetric state |Sij〉 =
1√
2
(|ij〉+|ji〉) and anti-symmetric state |Aij〉 = 1√2 (|ji〉−
|ij〉)(i, j = 0, 1, s). With the aid of Fo¨rster interac-
tion, an energy shift is generated between symmetric ex-
cited states |S0s〉, |S1s〉 and anti-symmetric excited states
|A0s〉, |A1s〉.
When the H polarized laser is driven to pump H1 tran-
sition with detuning ∆ = −VF , the transitions |S01〉 ↔
|S0s〉 and |11〉 ↔ |S1s〉 are resonant in the rotating frame.
In the case Ω,Ωm ≪ |VF | ≪ Vxx, the populations on bi-
trion and anti-symmetric single-trion states are nearly
equal to zero, and can be eliminated adiabatically. Us-
ing the symmetric and anti-symmetric notation we intro-
duced above, the scheme is reduced to a 6-state system
(Fig.1(d)). The effective Hamiltonian can be written as
Heff =
√
2Ω|11〉〈S1s|+Ω|S01〉〈S0s|+Ωm|S0s〉〈S1s|
+
√
2Ωm|00〉〈S01|+
√
2Ωm|S01〉〈11|+ h.c.. (2)
Then we take the lifetime of trion states into account.
The photon emission occurs via an decay of the state |s〉
into |1〉 with Γ1 or into |0〉 with Γ0. The total sponta-
neous rate is assumed to be Γ = Γ0+Γ1. Then we derive
a master equation within a Markovian process,
ρ˙ = −i[Heff , ρ] +
∑
i
(LρL† − 1
2
{L†Lρ}+), (3)
where L1 =
√
Γ0(|00〉〈S0s| + 1√2 |S01〉〈S1s|), L2 =
−
√
Γ0/2|A01〉〈S1s|, L3 =
√
Γ1(|11〉〈S1s|+ 1√2 |S01〉〈S0s|),
L4 =
√
Γ1/2|A01〉〈S0s|.
Steady state entanglement -The basic preparation cy-
cle in our scheme works as follows. The lasers with
Rabi frequency
√
2ΩM produce the transitions |00〉 ↔
|S01〉 ↔ |11〉. Attribute to the Fo¨rster interaction, en-
ergy splitting generates between the symmetric and anti-
symmetric states. By tuning the laser frequency to res-
onant with the symmetric single-trion states, the transi-
tions |S01〉 ↔ |S0s〉 and |11〉 ↔ |S1s〉 are created. Thus
the lasers couple the three ground states |00〉, |S01〉 and
|11〉 to the single-trion states |S0s〉 and |S1s〉, and leave
the entangled state |A01〉 = 1√2 (|10〉 − |01〉) decoupled
from them. On the other hand, spontaneous radiation
performs from |s〉 to |0〉 and |1〉, which is dissipation from
single-trion states to subspace M1 = {|00〉, |S01〉, |11〉}
and M2 = {|A01〉}. If the excited states decay into M2,
the process is terminated when one trion is dissipated; if
they decay into M1, it will go through the cycle again.
Therefore, after a period of time, the trions are dissipated
and the system will go into a steady state |A01〉, which
is the maximum entangled state we require.
For a potential experimental system, we can choose
a QDM including two resonant QDs. The wave func-
tions for electrons and holes in each QD is supposed to
have a Gaussian form φe/h ∼ exp[− (x
2+y2)
l2
‖
− z2
2l2⊥
], where
the characteristic lengths l‖(⊥) =
√
~/(ω‖(⊥)me/h). We
assume that l‖e = 4.4 nm, l‖h = 4 nm, l⊥ = 1
nm. The Fo¨rster interaction [17] read as |VF | =
e2|a|2
4piεd3 (
l2
lelh
)2F (dl ), where ε is the dielectric constant, d
is the distance between the QDM, l2 = 2/(1/l2e + 1/l
2
h)
and a ≃ ~/√2meEg[18]. In the case le, lh ≫ lz,
F (x) = x
3
2pi
∫ 1
0
dt 1−2ν√
1−t2 exp[−ν], where ν = x
2t2
2(1−t2) . In our
scheme, we set the distance between two dots in QDM
is 9.5nm and |a| = 1.6 nm, We can estimate VF = −0.2
meV and Vxx = 3 meV. If the x-direction magnetic field is
Bx = 1 T, and g-factors are g
∗
h = −0.29 and g∗e = −0.46,
the Zeeman splitting of trion and ground states are about
3FIG. 2: (Color Online). (a) Concurrence of the entangled
state as trion-phonon effect is taken into account. The relative
parameters: Ω = 20 µeV, Ωm = 9 µeV, Γ = 1.2 µeV. (b) The
characteristic time T0 as a function of Rabi frequencies Ω and
Ωm, as well as total spontaneous rate Γ.
EeB = −27.78 µeV and EhB = −17.94 µeV. Thus the de-
tuning between H1 and H2 is |∆B| = 45.72 µeV. Due
to the requirement of frequency selection, the Rabi fre-
quency of laser Ω should satisfy Ω ≪ |∆B |, and Ω = 20
µeV is suitable.
Fig.2(a) shows the entanglement of the two hole spins
in steady state measured by concurrence C as a function
of time[19]. The Red solid line represents the case only
with spontaneous radiation, which shows a near unity
concurrence at T = 0 K after a period of time. Here we
suppose that Γ1 = Γ2 = Γ/2. The input density matrix
we consider is given by ρi =
1
4 (|00〉〈00| + |S01〉〈S01| +
|A01〉〈A01|+ |11〉〈11|). After a period of time, the output
state ideally generates as |Φf 〉 = |A01〉. If the evolution
time t → ∞, the density matrix ρ → |A01〉〈A01|. It is
illustrated in Fig.2(b) that the character time T0, which
expresses that the time for achieving the steady state[20],
depends on spontaneous radiation rate Γ and the Rabi
frequency of pumping field Ω. If the rate of spontaneous
emission is fixed, the character time can be shorten as
Rabi frequency of laser field increases, and finally satu-
rates approximal to a value T0 ∼ 10/Γ, which is ten times
that of the lifetime of trion state. The optimal charac-
teristic time is appeared when we tune the coupling Ωm
to satisfy Ωm = 0.45Ω(shown in Fig.2(b)).
For a real QDM, the rate of the spontaneous radia-
tion from trion state to electronic state is about 1.2 µeV,
therefore T0 has a value about 5.5 ns.
The effect of phonon interaction - In Fig.1, we have
taken exciton as the auxiliary state, which is vulnerable
by the vibrational modes of the surrounding phonons.
The interaction between acoustic phonons and excitons
may be mediated by deformation potential coupling and
piezoelectric coupling. Thus the phonon coupling matrix
element[21] is
gq,j = e
iq·dj [M eq,jρe(q)−Mhq,jρh(q)], (4)
where M
e(h)
q,j =
∑
q
√
~
2µ|q|V cs (|q|De(h) + iPq),
ρe/h(q) =
∫
d3r|φe/h|2eiq·r. Following the Marko-
vian approximation[22], the master equation of the
density matrix in the interaction picture with respect to
H , may be reduced into a Lindblad form
ρ˙ =
∑
i
J(ωi)[(Ni + 1)D[Pi]ρ+NiD[P
†
i ]ρ], (5)
where D[P ]ρ = PρP †− 12{P †Pρ}+ is the decay operator
of phonon effect, and Ni = [exp(ωi/kBT ) − 1]−1. J(ωi)
denotes the phonon spectral density, and there are two
kinds of J(ωi) in our model which can be written as
J±(ω) =
∫
dΩ(1± sinc(ωd
cs
))[Gd(ω) +Gp(ω)], (6)
where Gd(ω) =
ω3
8pi2µc5
s
(De̺e − Dhρh)2, Gp(ω) =
ω|Pq|2
8pi2µc3
s
(̺e− ρh)2. Here the piezoelectric coupling is Pq =
1
4 sin θMp
√
9 + 7 cos 2θ − 2 cos 4ϕ sin2 θ, in whichMp de-
notes piezoelectric constant[23]. Combining the phonon
effect into the Master equation Eq. (3), we will get nu-
merical results of the concurrence shown in Fig.2(b). As
temperature increases, the concurrence of entangled state
decreases. The parameters for the phonons is taken from
Ref. [21].
The effect of tunneling effect - The tunneling ef-
fect is assumed to be much smaller than the Fo¨rster
interaction[24] in above discussion. This assumption can
be technically accomplished by increasing the distance
between double dots but simultaneously the Fo¨rster in-
teraction is suppressed. It is demonstrated that the tun-
neling effect of hole is less than that of electron by one or
two orders of magnitude[12] which guarantees the stabil-
ity of the hole-included ground state. Thus, we primar-
ily consider the influence of electron tunneling on our
scheme. Using standard WKB method, the tunneling
rate can be estimated to te ≃ 2epi
√
8V ′eω exp[− 16V
′
e
3ω ], with
4FIG. 3: (Color Online). Concurrence of the entangled state
for different electron tunneling rates: (a) as a function of time
at T = 1K. (b) as a function of temperatures.
ω = 4
√
2V ′e/d. If the case is d = 9.5 nm, V
′
e = 680 meV,
and me = 0.067, the tunneling rate is te = 1.9 meV,
which can not be omitted compared to the Fo¨rster cou-
pling |VF | = 0.2 meV.
The exciton we discuss above in trion |s〉 is intra-dot
exciton(an electron-hole pair lies in the same dot), such
as |e†1h†1〉 or |e†2h†2〉, where e†i (h†i ) denotes that one elec-
tron(hole) generates in the ith dot. Due to the electron
tunneling effect, the trion might include inter-dot exci-
ton (|e†1h†2〉 or |e†2h†1〉), and we denote this kind of trion
as |t〉. Here, we do not consider the spontaneous radi-
ation caused by inter-dot exciton. Therefore the effect
of inter-exciton gives a new contribution to the initial
Hamiltonian describing by Eq. (1) as
Ht =
∑
i=1,2
(ωt|t〉i〈t|+ te(|s〉i〈t|+H.c.)). (7)
We move the combined hamiltonian including tun-
neling effect into an interaction picture with respect to∑
i=1,2
(ω+VF )(|s〉i〈s|+ |t〉i〈t|), and proceed by transform-
ing the single exciton part of hamiltonian into a new
basis as |ψ1(3)〉 = cos θ|S0(1)x〉 − sin θ|S0(1)t〉, |ψ2(4)〉 =
sin θ|S0(1)x〉 + cos θ|S0(1)t〉, where θ = − 12arccot( δ2te )
and the detuning δ = VF + ω − ωt. These two eigien
states |ψ1〉 and |ψ3〉 are degenerated at energy E1 =
1
2 (−δ +
√
4t2e + δ
2), while |ψ2〉 and |ψ4〉 are degenerated
at energy E2 =
1
2 (−δ −
√
4t2e + δ
2). If we select the
frequency of pumping laser as ωl = ω + VF + E1, and
guarantee the condition Ω ≪ |E1 − E2|, the effective
Hamiltonian becomes as
Heff = Ωm(
√
2|00〉〈S01|+
√
2|S01〉〈11|+ |S0s〉〈S1s|)
+ Ω cos θ(
√
2|11〉〈ψ3|+ |S01〉〈ψ1|) + h.c.. (8)
We consider the influence of both tunneling effect
and phonon interaction and follow similar method as in
Eq.(4). The concurrence of hole spin entangled state as
a function of time at T = 1K is shown in Fig.3 (a). We
can find that the concurrence is beyond 95%, and the
phonon-exciton process might be suppressed by decreas-
ing electron tunneling rate. When the electron tunneling
rate is slow as te ≪ |ω − ωt|, the Eq. (8) can be reduced
to Eq. (2). It indicates that the small electron tunnel-
ing does nothing more than an energy shift of the single
exciton states whose effect can be offset by tuning the
Rabi frequency of the external laser field. Fig.3 (b) illus-
trates the concurrence of the steady state as a function
of experimental temperature T . The high concurrence of
stationary entangled state is much less influenced when
decreasing the temperature, and the concurrence is more
susceptive to temperature if electron tunneling rate in-
creases. In our scheme, the electron tunneling has a value
of te ∼ 2 meV, which is much smaller than the energy
gap between inter-exciton and intra-exciton(∼ 20 meV).
Thus, the hole spin entangled state remains robust even
if electron tunneling effect is considered.
Conclution - To sum up, we have shown that a station-
ary entangled state on spins with high concurrence can be
prepared in a quantum dot molecular by technically de-
signing the spontaneous dispassion processes. The hole
spin for its small inter-dot tunneling rate is more suit-
able to encode qubit compared with electron spin in our
scheme. We also discuss the influence of phonon-exciton
interaction and electron tunneling effect on the entan-
gled state. For the real experiment with te = 2 meV,
the concurrence of entangled state is still over 95% at
T = 1K.
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